Phase transitions in a two-dimensional classical pseudo-harmonic model are investigated by transforming into the one-dimensional quantum pseudo-harmonic model. The transition temperature Tc when a natural misfit fL is zero is determined by the first harmonics of the substrate potential and is the same as that of the sine-Gordon system. The temperature dependence of the renormalized mass is quite different from that of the sine-Gordon system near T=O, though similar near Te. Commensurate-incommensurate (C-IC) phase transition temperatures are also examined near T = 0 by estimating the kink formation energy of the one-dimensional quantum pseudo-harmonic model. § 1. Introduction
Recently there has been much interest in the commensurate-incommensurate (C-IC) phase transition in physisorbed monolayers on solid surfaces.])~16) This C-IC phase transition takes place as a result of competition between two forces which tend to impose two different characteristic lengths, namely, the natural distance between ada toms in the absence of an external potential and the period of the exter~al potential. A Landau theory of this transition has been considered by many authors.7)~lO) In particular, it was shown that there exists the incommensurate phase which consists of almost commensurate regions of large size separated by narrow domain walls. However this theory neglects thermal fluctuations which are expected to be important in low dimensional systems. In order to investigate the effect of thermal fluctuations many authors jj)~16) considered a two-dimensional (2-D) classical sine-Gordon system. It turns out that thermal fluctuations lead to a reduction of the commensurate phase and a slower decrease of the mean misfit with the natural misfit in comparison with the Landau theory.
The main purpose of this paper is to discuss the C-IC transition in a new model*) (which is hereafter called a pseudo-harmonic model) by calculating the kink formation energy in the corresponding I-D quantum system.
)
The latter is carried out on the basis of the self-consistent harmonic phonon approximation.J7 H91 Generally speaking, we may expand the substrate potential by Fourier series in a period of the substrate. Our model has infinite terms in contrast to the sine-Gordon system which has only the first term of the Fourier series. We can ., This model was used by Villains, to discuss orientational instabilities in physisorbed layers. investigate the effect of higher Fourier terms which probably exist in the real physical system. The Hamiltonian is written as 8(i+l, j)-8(i, j)-fL) 2+(8(i, j+I)-8(i, j) )2} (i,j) +2 VA(8(i, j) 
where 8 ( i, j) represents the one component of the displacement of the adatom at the lattice site (i, j). The first terms are the elastic energy of free adatoms. 
where mo
, {i=fL/gc, g2= T/2], with T and c (=27[) being the temperature and the lattice constant of the substrate, respectively. The canonical momentum p(x) satisfies the commutation relation [p(x) 
In § 2 the temperature dependence of the renormalized mass in the absence of the misfit, fL = 0, is calculated on the basis of the self-consistent harmonic phonon approximation. In § 3 we estimate the kink formation energy near g2 = ° and examine C-IC transition temperatures. Conclusions are given in § 4. § 2. Renormalized mass In this section we will determine the temperature dependence of the renormalized mass in the absence of the misfit, fL = 0, on the basis of the self-consistent harmonic phonon approximation. In this approximation cos ng¢ is treated as where «P) is the avarage in the ground state to be determined self-consistently_ Then Eq_ (3) is transformed into where
n~l By performing the summation over n we geeD)
where k' = /1-k 2 and K( k) is the complete elliptic integral of the first kind_ The expectation value < (P) is evaluated with the phonon frequency
as follows:
where 11 is a cutoff momentum_ Equations (6) ~ (8) constitute self-consistent equations and determine the temperature dependence of the renormalized mass m. In Fig. 1 we show the behavior of the renormalized mass by the full line. The cutoff momentum 11 is chosen as 11/mo=5.*) The broken line shows the temperature dependence of the renormalized mass for the sine-Gordon system, for which we take A( g¢) = -cos g¢ in (3). The transition temperature Tc(g2 = 8Jr) at which the renormalized mass appears is the same as that of the sine-Gordon system. The behavior of the renormalized mass is quite different from that of the sine-Gordon system near T=O in contrast to the similar behavior near T= Te.
Here we give explicit expressions for the renormalized mass valid at (i) T ~ Te and Oi) T~O. (i) T~ Tc: Since <¢2) takes large values, we must choose k' ~ 1 in (7). By simple calculations we have *) For the original 2-D problem on a substrate a natural cutoff is 7f/e and A/mo=7f/7!V. ( 18), while, the latter is based on (10). The cutoff momentum is chosen as 11/ mo = 5. 9 2 (=TI2J)
where 9'2 = 9 2 / S7[ . We can also obtain this result by keeping only the first harmonics (n=l) in (5). At high temperatures the potential which the particle feels is essentially given by the first harmonics of the substrate potential. Therefore the behavior of the renormalized mass is similar to the case of the sine-Gordon system, where the renormalized mass is given by 
where ¢c(x) is the static-kink waveform situated at the origin (x=O) and ¢(x, t) is the quantum fluctuation around ¢c (x) . With this separation we write the Hamiltonian as follows:
We will assume that <¢2> is uniform in space and is equal to (S) given in § 2. Actually <¢2> is not uniform, since ¢c varies in space. However the modification will not be essential to the kink formation energy as far as g2 is small.
lS )
We will require that ¢c satisfies the following differential equation so that the second term on the r. h. s. of (13) vanishes for any ¢:
Since <¢2> takes large values near the transition temperature Tc(g2 = S7f), the first harmonics (n= 1) makes a dominant contribution in (14). If we neglect the higher harmonics (n = 2,3,.··), the problem reduces to solving the sine-Gordon equation. Now we choose the kink waveform which situates at the origin (x=O) and tends to 0 at the minus infinity and 27f/g at the plus infinity. Then the solution of (14) is given by the following integral form:
n~l where s=g2«j}>/2. However in this general form it is very difficult to perform the integration. Hereafter we will restrict ourselves to the case of the limit g2 ..... O. Setting esn2 equal to 1 in (16), we get the classical kink solution satisfying the above boundary conditon:
We now calculate the kink formation energy which consists of the sum of the classical kink energy and its quantum correction. The first classical kink energy is written as
Since the calculation of this energy is given in the Appendix, we write only the final result valid at small values of g2:
where «P>=(1/21[)ln(2J1/mo). In order to obtain the quantum correction we have to evaluate
where we have set esn2 equal to 1 and used (17) . Thus the quantum correction is given bi 7)
where w(ll) and w(k) are the phonon frequences in the presence and in the absence of a kink, respectively. The latter is given in § 2. The former is related to the eigenvalues of the following Schrodinger equation: 21 ) 
Therefore we get the following expression for the kink formation energy:
which is valid when g2 is small. Here we note that a similar result was obtained by Takayama and Maki 22 ) for the double quadratic model. Also in this case we encounter the same differential equation as (22) in obtaining the quantum correction for the kink energy.
Now we examine C-IC transition temperatures. We include the additional contribution -27 [fi/g in (24) . From the condition EK=O, C-IC transition temperatures in the original 2-D problem are written as
where TCI= TcI/167[J, fi=f117TV and fio (=7[/2) is the classical result (T=O). This expression is to be compared with that l5 ) of the sine-Gordon system, where
and fios=4/7[. A slight change in the slope appears between (25) and (26). § 4. Conclusion
We have investigated phase transitions in the 2-D classical pseudo-harmonic model by transforming into the I-D quantum pseudo-harmonic model. For this purpose we have used the self-consistent harmonic phonon approximation. When the nut ural· misfit f1 is zero, the transition temperature Tc in which the renormalized mass appears is determined by the first harmonics of the substrate potential and is the same as that of the sine-Gordon system. This result remains true for the real physical system which has several Fourier termS" in the Fourier expansion of the substrate potential. The temperature dependence of the renormalized mass is quite different from that of the sine-Gordon system near T = 0, where the renormalized mass depends on temperatures nonperturbatively in contrast to the sine-Gordon system. Near the transition temperature Tc the behavior of the renormalized mass is determined mainly by the first harmonics of the substrate potential and is similar to the sine-Gordon system. C-IC transition temperatures are also examined near T=O by estimating the kink formation energy of the 1-D quantum pseudo-harmonic model. Unlike the case of the renormalized mass, the behavior of C-IC transition temperatures near T=O is the same as that of the sine-Gordon system except for a slight change in the slope.
Our pseudo-harmonic model has the kink lattice solution of a simple analytical form as well as the kink solution. We encounter the Kronig-Penney model with 6' -function potentials in obtaining phonon frequencies in the presence of a kink lattice. In a future study we will take account of the effect of the fluctuation around the kink lattice solution when we discuss the C-IC transition in this pseudo-harmonic model. where Erfc(x) is the Error function.
(A '3)
Now we evaluate the classical kink energy as the sum of the classical part which originates from p(y, a) and its correction. The former is easily calculated as follows:
The latter correction term is evaluated as follows: for the classical kink energy. 
